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Abstract. We investigate three-flavour chiral perturbation theory including virtual photons in the limit in
which the strange quark mass is much larger than the external momenta and the up and down quark masses,
and where the external fields are those of two-flavour chiral perturbation theory. In particular, we work out the
strange quark mass dependence of the electromagnetic two-flavour low-energy constants C and k;. We expect
that these relations will be useful for a more precise determination of the electromagnetic low-energy constants.

PACS. 11.30.Rd; 12.39.Fe; 13.40.Dk; 13.40.Ks

1 Introduction

Chiral perturbation theory (xPT) [1-3] is the effective
theory of QCD at low energies. It relies on an effect-
ive Lagrangian whose coupling constants are the chiral
low-energy constants (LECs). They are independent of
the light quark masses and encode the influence of the
heavy degrees of freedom that are not contained in the La-
grangian explicitly. For many phenomenological applica-
tions the predictivity of yPT depends on realistic estimates
of these LECs. An up-to-date account of our knowledge
about the LECs can be found in the recent conference re-
ports of Ecker [4] and Bijnens [5].

In this article we are concerned with the electromag-
netic LECs of xPT in the (natural parity) meson sector in-
cluding virtual photons. In the following we abbreviate the
effective theory with three flavours by xPT7 [6-8], and ac-
cordingly for two flavours by xPT3 [9-11]. Recently, quite
some progress has been achieved estimating the NLO elec-
tromagnetic LECs in xPTJ [12-17], while little is known
about the pertinent LECs in xPT3, to the best of our
knowledge. In such a situation the following strategy may
be pursued [18-20]: if one limits the external momenta to
values small compared to the kaon and eta mass and treats
m,, and mg as small in comparison to mg,

Ip?| < My my,mq < ms, (1)

then the degrees of freedom of the kaons and the eta
freeze. In this region one may work out relations among
the LECs in xPTJ and xPT3, which allow one to estimate
the electromagnetic LECs in xPTJ through the know-
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ledge of the ones in xyPT3. The purpose of the present
article is to systematically provide all relations between
the O(e?,e?p?, e*) LECs in xPT3 and xPT] at one-loop
order. The calculation is performed along the lines outlined
in [21-23]. Briefly, the method consists in a non-trivial
matching between the three-flavour versus the two-flavour
generating functional of the effective theory.!

We briefly comment on related work in the literature.
Analogous relations between the two-flavour and the three-
flavour LECs in the strong sector have been provided by
Gasser and Leutwyler in [3]. Recently, we have worked out
the same relations to the next higher order (at two loops)
in the perturbative expansion [23]; see also [25, 26] for ear-
lier contributions to the literature on such relations at two
loops. Finally, analogous work was performed at one-loop
accuracy in the baryonic sector in [27].

The remainder of the article is organised as follows.
After settling on the notation in Sect. 2, we give some de-
tails on the derivation of the matching relations in Sect. 3.
Section 4 contains a numerical analysis of the matching re-
lations, leading to estimates of the electromagnetic NLO
LECsin xPT3.

2 Including virtual photons in xPT

A general procedure to construct the effective theory with
photons in the mesonic sector for three light flavours

L After we had performed the calculation of these matching
relations, we were informed by Marc Knecht that the relations
at O(e?) and O(e?p?) had also been derived by Nehme [24]. We
agree with the relations given there.
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(xPTJ) has been proposed by Urech [6]. The two-flavour
effective theory xPT3 may be constructed along the same
lines [9-11]. We choose our notation following the nomen-
clature of the LECs introduced by Urech [6] for xP T3, and
by Knecht and Urech [9] for xPT3.

The basic building block of the chiral Lagrangian is the
Goldstone matrix field u(¢) which transforms under a chi-
ral rotation g = (g, gr) € SU(n) x SU(n) as

u(¢) = u(¢') = gru()h(g, ¢) " = h(g, D)u()gr, ",

where h is called the compensator field. The mesonic La-
grangian then consists of operators X that either trans-
form as

X % h(g, ) Xh(g,9) " (2)

or remain invariant under chiral transformations. As a re-
sult, (products of) traces of products of chiral operators X
are chiral invariant. The elementary building blocks of the
effective Lagrangian that have the transformation prop-
erty of (2) and furthermore contain the external vector
vy, axial a,, (both traceless), scalar s, and pseudoscalar p
sources are given by

u, =1 [uT((?,L —ir,)u—u(d, — ilu)uT] ,
X+ = UTXU]L + U'XTU ) (3)
where

Tu=vu+a,+QrAu, li=vy—a,+QLA,,
X= 2BO(S+ip)7 (4)

with A, the photon field and @1, r spurion sources with the
transformation properties

Qr L QRQRQEV QL - QLQLQE .

They are also contained in the building blocks
qL = uQru', (5)

which transform according to (2). Below, we will consider
constant sources Qr = @, = @ only, and of phenomeno-
logical interest are the cases with two (Q = Q2), as well as
three light flavours (Q = Q3),

qr = u'Qru,

Qs = gdiag@, ~1), Q3= gdiag@, ~1,-1). (6)

Note that Q3 is traceless, while )5 is not. For three flavours
the leading order Lagrangian reads in Euclidean space-
time,

F2
£ = T0 {(u-u—x+)—Co (qLar)
1 1
+ ZF;WFAW + 5(3#14#)2 ) (7)

where the superscript (3) labels the number of flavours.
Further, w-u=wyu,, Fu =0,A4, —0,A, is the field
strength of the photon, and the gauge fixing term is put in
the Feynman gauge, as is customary in XPT;?). The sym-
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bol () denotes the trace of the flavour matrix enclosed. For
two flavours the leading order Lagrangian amounts to hav-
ing the same form as for three flavours, with the difference
of restricting the u fields to elements of SU(2), and similar
for the sources. Furthermore, the LECs Fpy, By, and Cj are
to be replaced with F, B, and C, respectively. To distin-
guish two- from three-flavour fields, we decorate the former
ones with a superscript ™. In summary,

F2 ™ s iy T
522) = 1 <U “U —X+>—C<QLQR>

1 s iy 1 iy
+ ZFWFW + 5(8MAM)2 ) (8)

For the NLO Lagrangian £, we need the following addi-
tional building blocks:

fruw = ulw,uJf + uTr,“,u ,
i
X+p = VuXi - 5 {X:F» uu} )

1
dru = V;LQR -3 [u#, QR] ,

2
i
qru = VuqL + 3 [y, qL] , 9)
where we have introduced the field strengths

ye{nl},

and the covariant derivative V, in terms of the chiral con-
nection I'},,

Ypv = OplYy — uyu_i[yuayV]a

VX =0, X+, X],
1 . .

I,= 3 [u' (8, — irp)u+u(d, —il,)ul] .
It is worth noting that fi,, for two flavours is not
traceless, since the charge matrix @2 is not. To be in

Table 1. Basis of the strong operators at order p* in Euclidean
metric for two (z;) and for three flavours (Xj)

J z; X;j

1 —i(u”-u”)Q — (u-u)?

2 —% upug 2 —<uuuy>2

3 15 ()’ ~(@w?)
4 1 (unxZy) (w-u) (x+)

5 1{(rm*) (u-uxs)

6 —1 (L lufi, 1) —(x+)?

7 75 (XT)* —(x-)*

8 — % (det X7 +det x™) —%<X2++Xg>
9 (Fr2+gm 5 (o [upe s uv])
0 =& (AT (-
1 ~1 ()’ ~5 (472
12 —% <Xi —X2,>
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Table 2. Basis of the electromagnetic operators at order 62p2 and e* in Euclidean
metric for two (w;) and for three flavours (W;). The abbreviation g4 - g4 = q4,94, for

A € {R,L} is adopted

J wj W

1 L™ ") (of +af”) L (uw) (g +at)

2 (u™-u™) (qRar,) (u-u) (qrar)

3 — (uligh)? = (uLqf ) — (upqr)” — (upqr)®

4 (upar) (upaf) (upgr) (upgrL)

5 ~5 (1) (aR* +aE”) (u-u(gh+at))

6 —(x%) (gRdl) (u-u{qr,qL})

7 —3 (X% (@R +4f)) (aR +af) ~4 () (dh+at)

8 — (X" [qR, qT]) — (x+) (qravL)

9 i<uZ ([q}%wqﬁ] - qf,uq’ﬂ]» —<x+ (q§+qﬁ)>

10 <qﬁﬂqh —{(x+{ar,a.})

11 (9k "qR +af, - af,) —(x-lar, qu])

1/ 72 x2\2 .

12 -1 <qR +ar, > i (up ([qrp> ar] — lazw aul))

13 — 3 (afal) <q§2 +qu> (qrpary)

14 — (afal)? (qr-qr +4qL-qL)

15 — (grar,)?

16 ~ 4 {anau) (G +at )
2

17 -3 {dk+at)

line with the basis operators introduced by Gasser and
Leutwyler [2], it is convenient to introduce in addition the
traceless operator fi v

e T 1 T
f+py:f+pu_§<f+pl/> . (10)
The NLO Lagrangians £4 then read
11 11 14
,Cf) :lexj+F2ijwj+F4ijwj, (11)
j=1 j=1 j=12
12 14 17
LY =D L+ F Y KW+ Fi Y KGW
j=1 j=1 j=15
(12)

In the following, we call the operators x;, X; and the LECs
l;, L; strong operators and strong LECs, as these operators
do not vanish when switching off the electromagnetic coup-
ling constant, with the exception of x11. Accordingly, we
denote the operators/LECs w;, W; /k;, K; electromagnetic
operators/ LECs. The strong operators z; and X; have been
introduced by Gasser and Leutwyler [2, 3] and, for conve-
nience, we reproduce them here in Table 1. The coefficients
h; and H; of the contact terms — introduced by Gasser and
Leutwyler in [2, 3] — are related to our LECs by

hi—hs=1g,
Hy =1Ly,

h2:l97
Ho=1L45.

hi+hs =l
(13)

We are using the set of the NLO electromagnetic opera-
tors from Knecht and Urech [9] for two, and from Urech [6]
for three flavours; see Table 2. We do not consider the
odd-intrinsic parity sector, which accounts for the axial
anomaly; see e.g. [28—31]. For the counting we rely on the
standard xPT" assignment with e? ~ O(p?) and we make
use of the convention of writing 0(64, 62p2,p4) as O(p4),
and similarly for the Landau symbol at order pS.

3 Integrating out the strange quark

This section is devoted to give some details on the deriva-
tion of the main results presented below in (42). We will
follow the steps outlined in [21, 22].

3.1 Generating functional

We start by considering the generating functional Z of
XPT3 [3],

e~ Z[v:a,5,0,QL R zN/[du][dA#] e ddwgc(;?f)f) , (14)
L0 =@ (15)

It may be evaluated in a low-energy expansion in the num-
ber of loops,

Z=Zo+Z1+..., (16)
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where Zy (Z7) collects the tree-level (one-loop) contribu-
tions. They are given by

Zy=25, (17)
1 det D
S4 + d tDO ) (18)
where S, denotes the classical action
S’n == / ddxﬁsy,g) (uda ACla v,a,s,p, QL,R) ) (19)

the Goldstone boson fields u' and the photon field Af}
being evaluated at the solution of the classical equation of
motion (EOM),

i, Co .
v#u;f}+§>< 1+21ﬁ (g8, qf'] =0, (20)
AA*"J—F—O2 ol 0 21
i (ulaR - a)) =0, (21)

where Y denotes the traceless part of x°'. The Green’s
function of the differential operator D [DO] of (18) is the
[free] propagator G(,y), [Go(z, )],

Dac(z)Gep(x,y) = 0456 (z—y). (22)
The explicit form of D was first given by Urech [6],
D(z) = -X*(x)+ A(z), Zu(z)=0%+Y,.(x),
(23)
with?
Fab xap Uab _,yap
= H H =
YH <XZ'b 0 ) ’ A <%,yab p50p> )
ra 1 a
o= -2 b5,
X = X0 =~ 250 3e(gn - 1)
7 4 M qr —4qL))
1
o = S (N wd N wa]) + 5 (%A x)
C
ﬁ <([/\aaqR+qL] [AbaqR+qL]
- [/\a7QR_qL] [AbaqR_qL])>
F‘O2 a b
~ 1 (A*(qr—qu)) (X°(gr —qu))
Fy
M= A H{Vilar —qo) +1[up, qr +al})
3
p= gF {(gr —qu)?) . (24)

2 Capital flavour indices A, B,C, ... run from 1 to 12, lower
case flavour indices from 1 to 8; they span the meson flavour
space. Greek indices p,o,... run from 1 to 4 for the photon
field components. The symbols A\* stand for the Gell-Mann
matrices.

3 For easy reading, we will drop from now on the label (; for
the fields that satisfy the EOM.
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The generating functional for two flavours z is defined
analogously to the one with three flavours. For later pur-
poses we explicitly introduce its low-energy expansion up
to one loop,

1 detd
Z—SQ+S4—|— In +...,

2
det d© (25)

where 52 4 and the operator d are the two-flavour equiva-
lent of (19) and (23), and the ellipsis stands for two-loop
corrections and higher. For a state-of-the-art evaluation of
the two-flavour functional and more details we refer the
reader to Schweizer [32].

3.2 Matching

We now impose the following constraints on the three-
flavour functional:

i) the external sources of xPT] are restricted to the two-
flavour subspace. The generating functionals shall de-
pend on the same external sources;

il) my q < ms; since the LECs of XPT 9,3 are independent

of my, 4, we will work in the chiral limit for the up and

down quark masses, i.e. my q = 0, for simplicity;
external momenta are restricted to values below the
threshold of the massive fields, [p?| < MZ.

iii)

We will refer to the limit that satisfies i), ii) and iii)
as the two-flavour limit of the three-flavour theory. In
this limit the three-flavour functional reduces to the two-
flavour functional, i.e. both theories yield the same Green’s
functions in the low-energy region,

Z=z, (26)
provided the LECs of both theories are accordingly
matched. In the following, we will solve this equation for
the LECs. Both sides receive non-local contributions that
are associated to the propagation of massless pions and
photons. Once the matching is fully worked out, these con-
tributions cancel each other. At order p*, this has been
discussed in detail by Nyffeler and Schenk [21] and further
details will also be given elsewhere [33]. To find the rela-
tions among the LECs it suffices therefore to work out the
local parts of the generating functionals. At order p* we
have in the two-flavour limit

1 det D

Sy +S
2+ 24 + det DO local

=859+ 84. (27)
The Lh.s. of (27) is now being worked out. We start with
the tree-level contributions and proceed with the one-loop

corrections.

3.2.1 Tree level: solution of the EOM in the two-flavour
limit
In view of (17) and (18) we need to solve the EOM in

the two-flavour limit. Due to the absence of strangeness
containing external sources [restriction i)] as well as
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strangeness conservation, the following ansatz for the
Goldstone boson fields will turn out to be fruitful:

i
u=u"e20"8

(28)
where in 4™ only the pions contribute non-trivially. Below,
we will frequently identify without further notice 3 x 3 ma-
trices that have only non-vanishing elements in their up-
per left 2 x 2 block with the 2 x 2 matrices from the two-
flavour theory. Inserting the ansatz (28) into the building
blocks (3) yields

1
Uy = ’U,Z — FO)\Saun,

LR =4[ r—€33(dR)

@X’r cosoz—iﬁx7r sin «
B+ BT

X+ =
+4Bgmge cos2a (+), (29)
0% isin2a (),
a=n/(V3F), es=diag0,0,1).  (30)
And similar for the building blocks of (9),
f"rlll/:fz,uu_ei?o[i <filll/> 5 f_l“’:fj,uuﬂ
qAp = QAy » Ae{RL}. (31)

Next, we write down the EOM of the 7 field,

Fy | By
A-—MNn=—|=
(A-M)n=17 B

+8Bym sin 2a] — Mgn ,

< 1>Sina+i% <X’1>cosa
(32)

where M,? = %BomS is the eta mass squared at tree level
at my, q = 0 [similarly we will use M2 = Bomg below]. The
EOM may be solved recursively for small a. Note that the
sum of the last two terms in (32) is of order . The differ-
ential equation suggests a counting in which every occur-
rence of an 7 particle counts as order p? in the two-flavour
limit,

_ iVBR , . 1
n= 16Bms<><7>+0(p)-

(33)

As aresult, we obtain a systematic low-energy expansion of
the SU(3) building blocks.

Before proceeding, we add a remark: to be precise,
the pions of xPTj differ from their two-flavour equiva-
lent, since they satisfy different EOMs. Indeed, in the two-
flavour limit, we find

x, 1Bo_, 1By . . Co o n o
Vi, + 5 g X-cosa + 3 B X+ sin o+ 21F_02 lar,at] =0,
(34)
to be compared with the EOM of xPT3,
T i o : O us T
V#u# + §X_ + 21ﬁ [un QL] =0. (35)
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However, expanding the trigonometric functions in (34),
one observes that the difference is of order p*; hence, it af-
fects the matching relations only beyond the accuracy at
which we are working. Also at the level of S — which is the
only one to matter for the EOM — the LECs of both theo-
ries coincide due to the matching condition (26). These are
the reasons why we do not distinguish between the pions of
both theories in this article. However, if one wishes to carry
out the matching beyond one-loop order, this issue requires
a considerably deeper examination [33]. Similar remarks
apply for the photon.

By now, it is straightforward to evaluate the tree-level
diagrams of Sy 4 in the two-flavour limit using (29), (31)
and (33). To avoid overflowing formulae, for S, we only
show the reduction of the electromagnetic operators explic-
itly. We find

_ g [F3, . . F2 . r o
52:/(1 2 | =L (- um) — 2 (Bo/B) (x} ) — Co (afaR)
F
SMZ

Sy = F¢ / A%z { —4AMEKs (gl qf)

1 U us 1 us
Pl Fl + 5 (0u A7) +

4w (B()/B)2£E7:| +O(p6) ’

6 1
+ <5K1 + gKg +K5> wy + (K2 +K6)w2 + K3ws

6 1 4 1
K -K —Kg+-Kg— -K
+ 4w4+<5 7+5 8+5 975 10>w5

+ (Ks+ Kio)ws + (K9 + K10)wy + K11ws + K12wg
+ Kiswio + Kiawng

1 6 36
F2 | =Kis+—=Kig+—K
+ £y {(25 15+25 16+25 17) w12

2 6
+ <—K15 + 5K16> w13 —|—K15w14] }

5
—|—5'4| —|—O(p6) .

strong

3.2.2 Loops: the determinant in the two-flavour limit

The determinant of the differential operator D covers all
one-loop diagrams of the generating functional. Its eval-
uation in terms of an expansion in external fields in the
two-flavour limit may be worked out as follows. To begin
with, we note that the contributions from the massless
(pions and photon) and from the massive fields (kaons and
eta) may be separated [21, 22],

Indet D =Indet Dy +Indet D, +Indet Dg

+Indet(1 —D; 'DryD; ' Dyr) . (37)
The first determinant In det D, involves contributions from
pions and photons only; it is a purely non-local object
and for the matching of the LECs needs not to be con-
sidered any further. The operators D, and Dk are re-
lated to heavy particles only: their determinants describe
tadpoles with insertions where only particles of identical
masses run in the loop, either etas or kaons; cf. Fig. 1 (left).
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Dy

D ™

Fig. 1. (Left:) diagrammatic illustration for a specific con-
tribution to Indet Dy in (37). The vertices denote insertions
from external fields, related to the operator D. Only kaons flow
through the loop. The whole determinant consists of a sum of
such diagrams, ordered by an increasing number of insertions,
being equivalent to the low-energy expansion introduced in the
text. (Right:) pion—eta mixing at order p*. In the two-flavour
limit this diagram yields local terms only

Diagrams of this type are efficiently calculated with heat-
kernel methods. It results in an expansion in terms of local
quantities involving an increasing number of derivatives,
which corresponds to an expansion in powers of momenta.
The last determinant on the r.h.s. of (37) is a more com-
plicated object. Since it involves the operator D, of the
massless modes, it is not a purely local object. However,
its non-locality in the low-energy expansion only shows up
at order p% and can therefore be neglected for our analysis.
This is due to the symmetric operator D, which mediates
71 mixing and is of order p?. At order p*, the operators
D; ' and D; ' may be replaced by their free propagators.
As a result, the diagram of Fig. 1 (right) is the only con-
tribution from the last term in (37) at order p*. And the
low-energy expansion of this diagram yields local terms
only. The photon does not show up in this mixing term,
because the eta is not charged. We find

1
5 In(det D/ det D°)|1ocal

:/ddx (‘Cglloop—’—‘c{{loop—"_ﬁ?lr?oop) +O(p6) ’
n 1 2 ™ —2 1 2 (38)
‘clloop:ﬂFl(Mn) [<X+>+MK $7]+%F2(Mn)$3,
1 T, T Co T
‘C{(loop = _ZFl (Mlzf) |:<uu w X+> - 8F_02 <QRQL>:|

1
+ —F (M%) <x1 + 219 + 1224 — 225 — 416

48
—12z7+x9 + 242190 — 18211
Cy [48 12
F—;Q) [?wl +12wsq + €w5 + 12wg + 36wy
Coy (2496 816
—6w8 + F—O2 <Y1U12 + ?1U13 —|—481U14>:| ) )
i 1
‘C’l?oop:_gFQZL(Mg) (1’7+1’8—1’10) ) (39)
where the F! (m?) denote loop integrals,
d?q 1
Fl(m?) = / 1>0
)= | ot vy "0
F,.(m?) = F’(m?), (40)
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which are well known, cf. e.g. [34]. The renormalisation
is carried out in the MS-scheme, where the LECs ¢; €
{l;, ki, L;, K;} are split into a divergent and a finite part, as
follows:

Ci :ai)‘—’—cg(//’?d)? CI(,M) EC;(M74)7

pit {L_%UMHF’GHU} :

A=Ton? (-4 (41)

The coefficients a; € {v;, 04, I, 2;} are given in [2, 3, 6,9].%

3.3 Results
Collecting the results of the tree (36) and one-loop (39) an-
alysis allows us to determine the relationship among the

three- and two-flavour LECs via (27). The results are

C = Co [l —dpr] +4MEFF K,

r 6 T 1 r r 2
k1:5K1+g 2+K5—5Z0VK,
1
Ky = K3+ K§— 5 Zovic
ks = K3,
ky =Ky,
G 1, 4 . 1 . 1
k5:gK7+gK8+gK9—gK10—l—OZQVK,

1

k(r; = K§+K{O - §ZOVK s
3

kr = Ké—l—K{O — §ZOVK R

1
kg = K{I — QZO(QLZ +Lg) + ZZOVK ,

ky = Ki,,
k1o = K3,
ki1 = Kia,
o1 . 6. 36 . 104
2= %K15+%K16+%K17_ o5 VK
o2 6. 34
13= 5K15+ 5K16 - ngVKa
K, =Kis—2Z2vk,
3. R 3
I = §L10+3L11 =+ VELE (42)
where we introduced the abbreviations
M?2 M2
Z — F4 — K K
0=Co/Fo,  px 32m2F3 . p? '’
1 M2
VK =553 <ln7—|—1> . (43)

These relations are the main results of our article and de-
serve a few comments.

— We only display the matching relations for the elec-
tromagnetic LECs as well as the strong LEC [1;. The

4 For X15,16,17 consult (12) in [10].



C. Haefeli et al.: Electromagnetic low-energy constants in xPT

ones for the remaining strong LECs may be estab-
lished along the very same lines and may be found
in [3, 23].

— At first glance it might come as a surprise that strong
three-flavour LECs show up in the matching of the
electromagnetic LECs, cf. k§. Along the derivation pre-
sented here it is the EOM that links strong and electro-
magnetic operators and needs to be used to project the
operators X4 and X5 (in the two-flavour limit) into the
two-flavour basis.

— Briefly, we go back again to (39). We remark that only
the kaon loop contributes non-trivially to the match-
ing of the electromagnetic LECs. Having in mind that
along the method presented here, we had performed the
matching for the strong LECs [; at two loops already
before [23, 33], the relations in (42) come at almost no
additional cost. Exactly here lies the beauty of this ap-
proach: once the framework is set, all relations of the
LECs are obtained in one strike at a reasonable amount
of effort.

— One verifies that the dependence on the scale u of the
left and right hand side of (42) is the same.

— Specific linear combinations for electromagnetic match-
ing relations were presented earlier in [18]. We com-
pletely agree with the relations given there. Some of the
relations were also given in [19,20]; see [35] for com-
ments on why some of the relations in [19] were given
erroneously.

— The approach that was advocated in [18,19, 24] relied
on an analysis of physical observables — e.g. the charged
pion mass or wr-scattering — both in xPT7 as well as in
xPTj. The functional relationship among (linear com-
binations of) the LECs emerges then from a comparison
of the two representations in a large mg expansion. The
agreement between the results found in the literature
and those presented here based on the generating func-
tional provides a thorough and welcome check on both
calculations.

4 Numerical analysis

The relations derived in (42) are useful to obtain con-
straints on the pertinent LECs. In the strong sector for
instance, already in the early days of xPT Gasser and
Leutwyler made use of such relations to convert informa-
tion about the values of the two-flavour LECs to determine
three-flavour LECs; e.g. an estimate for Ly was obtained
in this way via ly. The formulae here presented may be
used in an analogous fashion: to the best of our knowledge
only estimates for the LECs in xPT3 are known [12-17].
The matching relations may thus be inferred to obtain esti-
mates on the values of the two-flavour coupling constants.
Two remarks should be made that are relevant in the nu-
merical determination of the LECs: first, some of the LECs
depend on the gauge [15, 36]. The values inferred below are
evaluated in the Feynman gauge. Second, due to ultravi-
olet divergences generated by photon loops, the splitting
of the Hamiltonian of QCD +~ into a strong and an elec-
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tromagnetic piece is ambiguous. This ambiguity must be
reflected also in the effective theory in the LECs [37]. Esti-
mates of their sizes should therefore take this into account.
The authors of [37] have discussed the problem in detail on
the basis of field theoretic models and have come up with
a proposal on how the ambiguity may be addressed sys-
tematically within these models. Still, this delicate issue
has not been investigated in the literature for the xyPT5
LECs yet and is beyond the scope of what we are aiming at
here.

We proceed with the numerical analysis of (42). At the
accuracy we are working, we may identify Fjy with the pion
decay constant F, = 92.4 MeV and M = Bym, with

Bomg = Mj., — M2, /2 ~ (485 MeV)?. (44)
We further set Zy = 0.91 (obtained from (42) of [15] with
My =0.77GeV, z = M3 /M2 = 2). For the values of the
three-flavour NLO electromagnetic LECs for K7j,... , K§
we will stick to [12], and for K7,..., K], to [15], sum-
marised here in Table 3. The LEC K§ remained undeter-
mined in [15], as it yet suffers from a reliable estimate [15].
As aresult we will not give a numerical estimate for kf and
k7. For the LECs K7, and K}, (from (59) and (61) in [15])
we furthermore set g = 1 GeV for the QCD scale, and the
parameters My and z are as introduced above. The coup-
ling constants K7,, ... , Kj; are associated to contact oper-
ators and /or operators at order e and are not considered
in this section. Furthermore, L} =0 and Lf = 1.5 x 1073,
taken from the O(p?) fit in [38]. All LECs are evaluated at
the scale 4 = 0.77 GeV, and in the Feynman gauge, £ = 1.
The results for the electromagnetic two-flavour LECs so
obtained are finally summarised in Table 4. As an illus-
tration we also show in Fig. 2 the strange quark mass de-
pendence of k] and k5. We observe that the two-flavour
LECs only show a very moderate strange quark mass de-
pendence in the neighbourhood of the physical point. This
pattern is due to its solely logarithmic strange quark mass
dependence at this order of the matching. Note that the
matching relations only apply over a certain range for the
strange quark mass: the formulae break down for ms — 0,
as the expansion performed here requires that all exter-

Table 3. Values of electromagnetic
LECs in XPTg in units of 1073
at the scale = My, =0.77 GeV, in
the Feynman gauge. The values for
Ki,... ,K§ are invoked from [12],
and K7,...,Kj3 from [15]; see also
the text for further details

K} -27 Ky 0
K} 07 K} 0
K 27 K} -
K} 14 Kl 4.0
K 116 K, 1.3
K 28 KI, —4.2
Kis 4.7
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Fig. 2. Strange quark mass dependence of the electromagnetic two-flavour LECs k] (left) and k5 (right) in units of 103 at the
scale p = My = 0.77 GeV. The physical value of ms corresponds to MIQ( = Bgms ~ (485 MeV)2

Table 4. Values of electromagnetic low-energy constants in
xPTJ in units of 107 at the scale u= M, =0.77 GeV, in
the Feynman gauge. From general dimensional arguments, one
might attribute an uncertainty of 1/(1672) ~6.3x1073 to
each LEC

k1 8.4 kS 3.9
K 3.4 k7 3.7+ K510
5 2.7 kL ~1.4
ki 1.4 K —4.2
kL —0.8+4/5K5-10° k1o 47

nal momenta are much smaller than ms. Remarkably, the
pertinent chiral logarithm becomes dominant numerically
only for very small ms. On the other hand, as one in-
creases the strange quark mass, higher order contribu-
tions in the matching expansion become more dominant
and start to spoil the behaviour of the chiral logarithm.
This was discussed in more detail in [23] for the strong
LECs ;.

We consider it difficult to assign reliable errors to the
estimates of the LECs in Table 4. The determinations in
[12,13,15] — from which we invoked the K} — are model de-
pendent, for which reliable estimates of uncertainties are
always a delicate affair. Moreover, the scale dependence in
various LECs can be strongly correlated. We shall there-
fore refrain from assigning individual errors to the esti-
mates in Table 4. To be conservative, one might attribute
an uncertainty of 1/(1672) ~ 6.3 x 1073 to each LEC kI,
stemming from general dimensional arguments. The size
of this uncertainty compared to the values in Table 4 indi-
cates that the entries of the table are yet only a rough order
of magnitude estimate.

In the near future, a more precise determination of
(some combinations of) electromagnetic LECs may also be
expected from lattice QCD. In this respect we mention two
recent studies that address the electromagnetic splitting of
the pseudoscalar meson masses [39, 40].

5 Conclusions

In summary, we have worked out the strange quark mass
dependence of the two-flavour electromagnetic LECs, C
and k;, at next-to-leading order. The calculation relied on
a non-trivial matching between the three-flavour and the
two-flavour generating functional of xPT including virtual
photons and it amounts to 16 relations among the LECs of
xPTJ and xPT}3.

These relations are useful to obtain constraints and fur-
ther information on the pertinent LECs. As an application
we have used these relations to obtain numerical estimates
for the values of the two-flavour electromagnetic LECs.
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